EXPONENTIAL FIELDS AND ATYPICAL 
INTERSECTIONS 



JONATHAN KIRBY AND BORIS ZILBER 



Abstract. We give an axiomatization of a class of exponential 
fields including the pseudo-exponential fields previously introduced 
by the second author, which is tame (superstable) over its interpre- 
tation of arithmetic. This class is exactly the elementary class of 
pseudo-exponential fields if and only if the diophantine conjecture 
CIT on atypical intersections of tori with subvarieties is true. 
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In |Zil05] , the second author introducted a class of exponential fields 
he called pseudo-exponential fields, as the class of models (F; +, -,exp) 
of the following axioms. 

1. ELA-field: F is an algebraically closed field of characteristic 
zero, and its exponential map exp is a homomorphism from its 
additive group to its multiplicative group, which is surjective. 

2. Standard kernel: the kernel of the exponential map is an 
infinite cyclic group generated by a transcendental element r. 

3. Schanuel Property: The predimension function 

5{x) := td(x, exp(a;)) — ldimQ(x) 

satisfies S(x) ^ for all tuples x from F. 

4. Strong exponential-algebraic closedness: If V is a rotund, 
additively and multiplicatively free subvariety of x G™ de- 
fined over F and of dimension n, and a is a finite tuple from F, 
then there is x in F such that (x, e x ) G V and is generic in V 
over a. 

5. Countable Closure Property: For each finite subset X of 
F, the exponential algebraic closure ecl F (X) of X in F is count- 
able. 

Precise definitions of the terms in axioms 4 and 5 are given later, in 
sections 13.41 and 15.21 Intuitively, axiom 4 says that any system of 
equations which can have a solution in some model of axioms 1 — 3 
does have a solution, and axiom 5 says that such a system should only 
have countably many solutions. The axioms are not all first-order, 
but can all be expressed in the logic L Wl)(t ,(Q), which allows countable 
conjunctions of formulas and the quantifier Qx: there exist uncountably 
many x such that .... 

We denote by ECFsk the class of models of axioms 1 — 4, and call 
the models Exponentially-Closed Fields with Standard Kernel. (Axiom 
5 will not play any role.) In [Zi l05| the same class was called SC* t . The- 
orem 5.13 of that paper states that there is an L U1 ^-sentence \l/ such 
that F |= f iff F e ECFsk and F has infinite exponential transcen- 
dence degree. Furthermore there is exactly one countable model of 
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up to isomorphism, which we call B^ . Thus there is a unique complete 
first-order theory T such that f hT, specifically T = Th(B^). 

Write ker(F) = {x e F | exp(x) = 1}, the kernel of the exponential 
map. Define 

Z(F) = {r e F | Mx[x e ker ->■ rx G ker] } , 

the multiplicative stabilizer of the kernel. In any ELA-field F with 
standard kernel, Z(F) will actually be Z, the standard integers, and 
thus the first-order theory T contains the theory of full arithmetic, 
and hence is undecidable and unstable. In this paper we show that, if 
the diophantine conjecture known as CIT (Conjecture on Intersections 
of Tori with subvarieties) is true, then the effects of arithmetic can 
be contained within the kernel, and the theory is otherwise tame, in 
fact superstable over the kernel in a certain sense. However, if CIT is 
false then the effects of arithmetic will be seen in the first-order theory 
outside the kernel in terms of non-standard integer power functions, 
and the first-order theory is not so tame. 

We study a wider class than ECF§k, the class ECFstrK of Exponentially- 
Closed Fields with Strong Kernel, given by axioms 1 and 4 above, 
together with: 

2'a: The kernel is a cyclic Z-module. 

2'b: Every element of the kernel is transcendental over Z. 

2'c Theory of true arithmetic: Z with the restrictions of + 

and • is a model of the full first-order theory of (Z; +; •). 
3'. Strong kernel: The predimension function 

Ap(x) = td(x, exp(rr)/ ker(F)) — ldiniQ^/ ker(F)) 

satisfies Ap(x) ^ for all tuples x from F. 

We show that ECFstrK is L WliW -axiomatizable and, assuming CIT, 
it is exactly the elementary class Mod(T). Furthermore, assuming CIT, 
axiom 4 (strong exponential-algebraic closedness) can be replaced by: 

4' Exponential-algebraic closedness: If V is a rotund subva- 
riety of G™ x G™ defined over F then there is x in F such that 
(x,e*)eV. 

The main results of the paper including the tameness results are in fact 
unconditional results about the class ECF st rK- 

Outline of the paper. In §2, we explain why the Schanuel property 
is not first-order expressible, introduce the strong kernel property, and 
show that it is first-order expressible iff CIT is true. In §3, we de- 
velop and explain the algebra of exponential fields which is required 
subsequently. We introduce the concept of saturation over the kernel 
within the class ECFstrK in §4, and prove uniqueness of models which 
are saturated over their (K -saturated) kernels. A superstability result 
(over the kernel) for the class ECF st rK follows. In §5 we show that 
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axiom 4 is first-order expressible (assuming the other axioms) and thus 
the class ECF st rK is elementary assuming CIT. Again under CIT we 
prove completeness of the first-order theory, and the equivalence of ax- 
ioms 4 and 4'. In §6 we give some corollaries, and §7 contains some 
final comments. 

2. Strong kernels 

2.1. Failure of the Schanuel property. It is clear that axioms 1 and 
2' are expressible as first-order axioms schemes. However axiom 3, the 
Schanuel property, is not. To see this, suppose F satisfies the Schanuel 
property and ki,...,k n G ker(F) are Q-linearly independent. Then 
td(/ci, . . . , k n , 1, . . . , 1) = n, so ki, . . . , k n are algebraically independent. 
This is a strong structural property, but it is not true in any elementary 
extension F of B# with non-standard kernel. To see this, suppose r G 
Z(F) is transcendental. Then {r n \n G N} is Q-linearly independent, 
and it lies in Z(F) since Z[F) is a subring of F. So for any t G ker(F), 
{r n t \ n G N} lies in ker(F) and is Q-linearly independent, is but of 
transcendence degree only 2. 

2.2. Strong kernel. The above failure of the Schanuel property is 
inside the kernel, and axiom 3', Strong Kernel, essentially asserts that 
this is the only place it fails. Given any exponential field F, any subset 
X C F, and a finite tuple a from F, we define the relative predimension 
function 

5(a/X) = td(a, exp(a)/X, exp(X)) — ldiniQ(a/X) 

where by td(Y/X) we mean the transcendence degree of the field exten- 
sion Q(XY)/Q(X) and by ldimQ(F/X) we mean the dimension of the 
Q- vector space spanned by XUY, quotiented by the subspace spanned 
I'.v .V. 

We say that X is strong in F, and write X<F, iff for every finite tuple 
a from F, S(a/X) ^ 0. Thus A F (x) = 5(x/ker(F)), and the Strong 
Kernel axiom states precisely that the kernel is strongly embedded in 
F. 

2.3. Atypical intersections. The diophantine conjecture under which 
the axiom of strong kernel is first-order concerns atypical intersections 
of varieties with subgroups. 

Let W C G™ be an irreducible subvariety, defined over Q alg . Let 
H C G™ be an algebraic subgroup. 

Let X be a connected component of W fl H. Then X is said to be 
an atypical component of the intersection iff 

dim X > dim W + dim H — n. 

(Sometimes X is called an anomalous or unlikely component of the 
intersection.) 
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Let W atyp be the union of all the atypical components of W D H for 
all algebraic subgroups H of G™ . 

The Conjecture on Intersections of subvarieties with Tori (CIT) states: 

Conjecture. For any neN, if W C GJ^ is any irreducible subvariety 
then W atyp is a proper Zariski- closed subset ofW. 

This statement of the conjecture is in the style of the presentation 
in section 5 of [BMZ07J and is convenient for us. The conjecture is 
equivalent to a conjecture of the second author given in |Zil02l Conjec- 
ture 1]. 

A proper algebraic subgroup H C G™ is given by a list of equations 
of the form 

n 
i=l 

where rrii G Z, not all zero. We may write the equations for H in 
matrix form as y = 1. We can define the depth of H to be the least 
N G N such that H is contained in some codimension 1 subgroup of 
G™ , which is given by a single equation of the form (*) in which every 
rrii satisfies \rrii\ ^ N. Then CIT can equivalently be stated as: for 
every subvariety W C G™ , defined over Q, there is iV G N such that 
W atyp is contained in the union of the set of proper algebraic subgroups 
of G™ of depth at most N. 

Note that W atyp is certainly L U)1 ^-definable (uniformly in parame- 
ters), but if CIT is true then the above shows that W atyp is first-order 
definable (even uniformly in parameters). 

2.4. Generic fibres. There is the natural projection map pr : G n — > 
G™ . Given V C G n irreducible and b G pr(y), we consider the fibre 
V(b) = {v G V | pr(v) =b}. Define 

V 9f = {v G V | dimV^pr^)) = dimV^ - dimpr(^)} 

which is the union of the fibres of generic dimension. If V is reducible, 
we define V 9 ^ to be the union of the W 9 $ as W runs through the 
irreducible components of V. The fibre dimension theorem (see for 
example section 2 of [BMZ07j for a clear statement) tells us that V 9 ^ 
is constructible and dense in V, and if V varies in a parametric family 
then V 9 ^ is definable uniformly in the parameters. 

2.5. Axiomatizing strong kernel. For a subvariety V C G n x A m , 
where A is affine space, and p G A m , we write Vp C G n for the fibre of V 
at p, and consider V = (Ip)peA parametric family of subvarieties 
of G n . For such a family, consider the axiom: 

(Vfc G ker m )(VS) [dimV^ )nV(i, e s ) i Vf V G pr(V^) a * OT 
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We take the Strong Kernel scheme to be the scheme of all such 
axioms, for all n, m G N, and for all families V defined over Q. So every 
subvariety of G n defined over ker will appear as Vj. for some family V 
and some tuple k from ker. Clearly (using the fibre dimension theorem 
again) the Strong Kernel scheme is expressible as an L Ul ^-sentence, 
and, if CIT is true, it is expressible as a first-order axiom scheme. 

Proposition. Let F be a partial E- field. Then F has strong kernel iff 
it satisfies the Strong Kernel scheme. 

Proof. Suppose the scheme holds, and x G F n with td(x, e x / ker(F)) < 
n. Let V = Loc((x, e x ) / ker(F)). Then dimV < n, so by the scheme, 
either e x G pr(V) atyp or (x, e x ) V 9 f The latter is impossible, since 

V \ V 9 f is constructible, defined over ker(F), and not dense in V, but 

V is the locus of (x,e x ) over ker(F). Hence e x G pr(V) atyp , which 
means that e x lies in a proper algebraic subgroup of G™ , so F has the 
strong kernel property. 

Conversely, suppose F has the strong kernel property, that V C G n 
is defined over ker(F) with dimV^ < n, and that (x,e x ) G V g f We 
must show e x G pr{V) atyp . Let H be the smallest algebraic subgroup 
of G^ such that e x G H. By strong kernel, 

5(x/kev(F)) = td(x,e 2 /ker(F)) - dim H ^ 0. 

Also td(x,e*/ker(F)) = td{x/e x , ker(F)) + td(e 2 / ker(F)). 

Let X be the component of pr(V) fl H containing e x , so we have 
td(e 5 '/ker(F)) sC dimX. Also (x,e x ) G V 9f , so 

td(x/e x , ker(F)) ^ dim V — dimpr(y) < n — dimpr(K). 

Hence, putting these together, 

n — dimpr(K) + dim(A) > dim if 

which means that X is an atypical component of the intersection, and 
hence e x G pT(V) atyp as required. □ 

2.6. Consequence of the failure of CIT. We have seen that if CIT 
is true then the strong kernel property is first-order axiomatizable. Now 
we show the converse. 

Proposition. Suppose that CIT is false. Then any F G ECFstrK has 

an elementary extension without strong kernel. 

Proof. In |Zil02] it is shown that if CIT is false then there is a counterex- 
ample defined over Q. So suppose that W C G™ is a counterexample 
to CIT, defined over Q. So for each N G N + , there is H^, an algebraic 
subgroup of G™ of depth strictly greater than N such that 

dim(W C H N ) > dim W + dim H N - n. 
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There are only finitely many possible values for dim and for dim(Wn 
H N ), so by passing to a subsequence of the H N we may assume for some 
h and t that, for all N, dimH^ = h and dimfW fl H^) = t. 

Consider the following formulas <Pn(x, fh) in free variables xi, . . . ,x n 
and (my)^ =1 : 

n 

/\ rriij G Q A Mx G ker n A rk(M) = n-hAe s eW 

n 

A /\ JJe^^l 

p,e{-N,...,N} n \{0} i=l 

where Q is the field of fractions of Z, and M = (mij)2j =1 considered 
as a matrix. 

We show that each ip N (x,fh) is satisfiable in F. So take H N as 
above, and b G (W fl H^)(F), generic in some atypical component of 
the intersection of dimension t. Choose M G Mat nxn (Q) such that H 
is given by y M = 1 and choose a G F n such that e a = b. Then e Ma = 1, 
so Ma G ker(F) ra . Also rk(M) = n - h and e a G W, but since b is 
generic in W fl if at and the depth of is greater than N, we also 
have nr=i e ^ a% ± 1 whenever p, G {— iV, . . . , N} n \ {0}. 

So each <^jv(a;,m) is satisfiable in F, but then the set of formulas 
{ip N (x, fh) | N G N} is finitely satisfiable, and hence by compactness it 
is satisfiable in some elementary extension K of F. Say K |= (Pn(o,, M) 
for all iV G N. 

Then mrk(e a ) = n, but 

td(a,e7ker(K)) ^ td(a/ ker(K)) + td(e s / ker(fT)) 

^ ldim Q (a/ker(K)) +td(e s ) 

^ (n — rk M) + dim W 

^ /i + dim W 

< n + t 

< n 

Thus K does not have strong kernel. □ 

3. Some algebra of exponential fields 

3.1. Partial E-fields and kernels. A partial E-field is a two-sorted 
structure 

(F, D(F); +, •, + D , (q-)q€Q, «, exp F ) 
where (F; +, •) is a field of characteristic zero, (D(F); +£>, (q-) q £o) is a 
Q- vector space, (D(F); +_d) —t (F; +) is an injective homomorphism 
of additive groups, and (D(F); +_d) — ? (F; •) is a homomorphism. 

We identify -D(F) with a(D(F)), and hence a (total) E-field is a 
partial E-field. 
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Let 1(F) = {exp F (a) | a G D(F)} be the image of the exponential 
map of F. 

We say that a partial (or total) E-field has full kernel iff the group 
of all roots of unity is contained in 1(F). Consideration of the 
structure of G a and G m as abstract groups shows that F has full kernel 
iff (ker(F); +, 0) is a model of Presburger arithmetic, the complete 
theory of (Z;+,0). Equivalently, ker(F) is an abelian group A such 
that for each n G N + , the quotient A/nA is cyclic of order n. See for 
example [RotOO, Chapter 15] for details. 

We say that F has very full kernel iff ker(F) is an algebraically 
compact model of (Z; +, 0), or equivalently iff it contains the profmite 
completion (Z; +, •) of (Z; +, ■) as a pure subgroup. 

A coherent system of roots of unity is a sequence (c m ) m€ N+ such that 
Ci = 1 and for each r, m G N + we have c r rm = c m . 

Lemma. A partial E-field F has very full kernel iff for any coherent 
system of roots of unity (c m ) mg N+ there is a £ D(F) such that for each 
m G N + we have exp F (a/m) = c m . 

Proof. Each system (c m ) me ^+ corresponds to an element of Z. □ 
3.2. Kernel extensions. 

Proposition. Let F be a partial E-field with full kernel, and let A be a 
subgroup of G a (F) such that A D D(F) = ker(F), and A is a model of 
Presburger arithmetic. Then there is a unique partial E-field extension 
F' of F with the same underlying field, such that D(F') is spanned by 
D(F) U A and ker(F') = A. 

Proof. Any element of D(F') is of the form x = a/m + h with a G A, 
m G N + , and b G D(F). The exponential map exp F restricts to a 
surjection — ker(F) — > yl, where \/l is the group of m th roots of 
unity. Since A is a model of Presburger arithmetic and a pure extension 

of ker(F), this surjection extends uniquely to a homomorphism — A — — )■ 

Now exp F ,(x) must satisfy 

exp F ,(x) = exp F ,(a/m) exp F ,(6) = 9 (a/m) exp F (b) 

so exp F / is unique, and it is well-defined because A D D(F) = ker(F). 

□ 

Corollary. Suppose F is a partial E-field with full kernel, satisfying 
axiom 2 'a: the kernel is a cyclic Z -module. Let r be a generator. Sup- 
pose that R is a subring of F such that Q a (R) is a model of Presburger 
arithmetic, and tR R D(F) = ker(F). Then there is a unique partial 
E-field F' , with the same underlying field as F, such that D(F') is 
spanned by tR U D(F), F' satisfies axiom 2 a, with the same kernel 
generator t, and the multiplicative stabilizer of the kernel is R. 
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Proof. Immediate from the above Proposition, since axiom 2'a gives a 
bijection between ker(F) and Z(F). □ 

3.3. The free ELA-extension. In |Kirllj . it is shown that certain 
countable partial E-fields have well-defined free ELA-extensions. Here 
we prove the same conclusion replacing the countability and the other 
hypotheses with the single assumption of very full kernel. 

Let A be a subset of a partial E- field F. We write (A) F for the small- 
est partial E-subfield of F containing A, and (A) F for the smallest 
partial E-subfield of F containing A which is closed under exponen- 
tiation, taking logarithms, and is relatively algebraically closed in F. 
In particular, if F is an ELA-field then (A) F is the smallest ELA- 
subfield of F containing A U ker(F). 

Proposition. Suppose that F is a partial E-field with very full kernel, 
and F <\K and F <M are two kernel-preserving strong extensions into 
ELA-fields. Then (F) E ^ A = F (F)f^ A . In particular: 

(1) If F is a partial E-field with very full kernel then the free ELA- 
closure of F, F ELA , is well-defined. 

(2) If F is a partial E-field with very full kernel and F < K is a 
kernel-preserving extension to an ELA-field then (F)^ LA =p 
F ELA . □ 

Proof. First note that (1) and (2) follow at once from the main state- 
ment of the theorem, because there does exist some strong ELA-field 
extension of F with no new kernel elements |Kirlll Construction 2.13]. 

List (F)^- LA as (s a+ i) a< \ for A = | (F)^^ |, such that for each a < A, 
either 

i) s a+ i is algebraic over F U {sp \ (3 ^ a}; or 

ii) s a+ i = exp^(a) for some a G F U {sp \ (3 ^ a}; or 

iii) exp K (s a+ i) = b for some b G F U {sp \ f3 ^ a}. 

This is possible by the definition of (F)^ LA . 

We will inductively construct chains of partial E-subfields 

F = K C K x C K 2 C ■ ■ • C K a C ■ ■ ■ 

of K and 

F = M C Mi C M 2 C • • • C M a C • • • 

of M, and nested isomorphisms 6 a : K a — > M a such that for each a < A 
we have s a G K n , K a < K and M a < M. 

We start by taking 9q to be the identity map on F. Now suppose we 
have Kp, Mp, and 9p for all /3 < a. If a is a limit, take unions. Now 
consider a = 7 + 1. 
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Case 1). s 7+ i is algebraic over K 1 (including the case where s 7+i G 
Kry). Let p(X) be the minimal polynomial of s 7+ i over K 7 . The image 
p e of p is an irreducible polynomial over M 7 , so let t be any root of 
p 9 in M. Let K 7+ \ = Ky(s y+ i), M 7+ i = M 7 (t), and let 7+ i be the 
unique field isomorphism extending 7 and sending s 7+ i to £. We make 
K 1+ i and M 7+ i into partial exponential fields by taking the graph of 
exponentiation to be the graph of exp^ or exp M intersected with K^ +l 
or M^ +1 respectively Suppose that (a, exp K (a)) G K^ +1 . Since K 7 <lK, 
we have td(a,exp K (a)/K^) — Idimq^a/ D(K 7 )) ^ 0. But K 1+ i is an 
algebraic extension of K 7 , so it follows that \dimq(a/ D(K 7 )) = 0, that 
is, that a G D(K 7 ). Hence D(K 1+ i) = D(K 7 ). The same argument 
shows that _D(M 7+1 ) = D(M 7 ). Now if x is any tuple from K, we have 
S(x/D(K 7+ i)) = S(x/D(K y )) ^ 0, and hence K 1+x < and similarly 
M 7+1 < M. 

Case 2). s 7+1 is transcendental over K 7 and s 7+ i = exp x (a) for some 
a G K 7 . Let if 7 +i = K 7 (y/s 1+ i) and M 7+ i = M 7 (^/exp M (^ 7 (a))). Ex- 
tend # 7 by defining 6 l 7+ i(exp i<: (a/m)) = exp M (0 7 (a)/m), and extending 
to a field isomorphism. This is possible because S-V-fl IS transcendental 
over K 7 and exp M (6* 7 (a)) is transcendental over M 7 (the latter because 
M 7 < M), and so there is a unique isomorphism type of a coherent 
system of roots of s 7+ i over K 7 , and of exp M (# 7 (a)) over M 7 . Then 
td(K 1+1 /K 7 ) = 1, a G D(iT 7+ i) \ D(K 7 ), and K 7 < if, so Z?(iC 7+ i) 
is spanned by D(K 7 ) and a. Similarly, D(M 7+ i) is spanned by 9 7 (a) 
over D{M 1 ) ) so 7+ i is an isomorphism of partial E-fields. 
Now if x is any tuple from K, we have 

5(x/D(K 1+l )) = 8(x,a/D(K y ))-5(a/D(K 7 )) = 6(x,a/D(K y ))-Q ^ 

as if 7 < if, so if 7 +i < X. The same argument shows that M 7+ i < M. 

Case 3). Suppose we are not in case 1) or 2). Then s 7+ i is tran- 
scendental over if 7 , not of the form exp^(a) for any a G if 7 , but 
exp^(s 7+ i) = b for some b G if 7 by the choice of s 7+ i. 

Let i G M be such that exp M (£) = 6> 7 (6). Let if 7 +i = if 7 (s 7+ i, v&) 
and M 7+1 = M 7 (t, y/6 7 (b)). Now for m G N + , let 

c m = # 7 (exp^(s 7+ i/m))/ exp M (t/m). 

Then (c m ) mg N+ is a coherent system of roots of unity, and F has very 
full kernel so, by Lemma l3TTj there is a G F such that exp F (a/m) = c m 
for each m G N + . Extend 6> 7 by defining 6> 7+ i(s 7+ i) = t + a and 
6' 7+1 (exp i ^(s 7+ i/m)) = exp M (# 7+ i(s 7 + l)/m) and extending to a field 
isomorphism. This is possible because transcendental over if 7 

and (since M 7 < M) t + a is transcendental over M 7 . Then by con- 
struction, 9 1+ i is an isomorphism of partial E-fields, and as in Case 2 
above, we have if 7 +i < if and M 7+ i < M. 
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Conclusion. That completes the induction. Let K\ = [J a<x K a . Then 
K\ = (F)ft LA because K\ is an ELA-subfield of K containing F and 
is the smallest such because at each stage we add only elements of K 
which must lie in every ELA-subfield of K containing F. The union of 
the maps 9 a gives an embedding of K\ into M, and, for the same reason, 
the image must be (F)f^ A . Hence (F)^, LA =p (F)ff A as required. □ 



3.4. Strong kernel-preserving extensions. The finitely generated, 
strong, kernel-preserving extensions of ELA-fields are explained and 
classified in sections 3 and 4 of [Kirlf j . We state the necessary results 
from there. Suppose F < K is a kernel-preserving strong extension 
of ELA-fields with very full kernel, and suppose K is generated by a 
finite tuple x over F. Let V = Loc(x, e x /F). We may assume that x is 
Q-linearly independent over F, equivalently V is additively free. Since 
the extension is kernel-preserving, it follows that no product of integer 
powers of the e Xi lies in F, equivalently that V is multiplicatively free. 
Write G for G a x G m . Each matrix M e Mat nxn (Z) defines a ho- 

momorphism G n G n by acting as a linear map on G a and as a 
multiplicative map on G™ . For any subvariety W C G n , we write 
M ■ W for its image. An irreducible subvariety W of G n is rotund iff 
for every matrix M G Mat nxri (Z) we have dimM • W ^ rkM. The 
extension F <\K being strong is equivalent to V being rotund. It may 
be that the locus V does not determine the locus of (x/r,e x ^ r ) over 
F, for some integers r. Equivalently, the variety = (rF)~ 1 V may not 
be irreducible, where rl is the scalar matrix. However, there is some 
integer m such that, if we replace each generator Xi by Xi/m, then all 
such varieties are irreducible. We say V is Kummer- generic. 

Then, as in [Kirlll section 3] but using Proposition 13.31 in place of 
Theorem 2.18 of [Kirllj . K is determined up to isomorphism as an 
extension of F by V. We write K as F\V (F extended by V). 

We now see that axiom 4, strong exponential-algebraic closedness, 
states that given any finite tuple a from F, and any finitely gener- 
ated strong, kernel-preserving ELA-extension (a)p LA < K, there is an 
embedding of K into F over (a)p LA . In other words, it is existential 
closedness within the class of strong kernel-preserving extensions. 



3.5. Semistrong extensions. Extensions where the kernel extends 
will not generally be strong. However, much of the technology of strong 
extensions can be adapted to this broader setting. We define semistrong 
extensions to play the central role. 

The predimension function 5 and its associated calculus are essential 
tools when dealing with strong extensions, and there is an analogous 
calculus for semi-strong extensions. 
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Definition. Let F C Fi be an extension of partial E-fields, and x a 
finite tuple from i<\. We define the predimension function 

A Fl (x/F) = td(x,exp Fl (x)/FUker(Fi))-ldim Q (xn J D(Fi)/ J D(F)Uker(Fi)) 
where exp Fi (x) = |exp Fi (a;j) | G x n D(Fi) }. 

We define A only over partial E-subfields. However, if y is a (possibly 
infinite) tuple from F l5 we can define A Fl (x/y) := A Fl (x/F). where 
F = (ker(F) U y) F , the partial E-subfield of F 1 generated by ker(F)Uy. 

The following properties are almost immediate from the definition. 

Lemma (Basic properties of the predimension function). 

(a) A F (x/A) = td(x,exp(x)/A U ker(F)) - mik(exp F (x)/I(A)) 

(b) Addition property: for finite tuples x and y, 

A F (x U y/A) = A F (x/A U y) + A F (y/A). 

(c) Suppose Fi C F 2 C F 3 are partial E-fields, that x G D{F 2 ) , 

alg 

and i/iai F 2 ker(F 3 ) ; which means that every finite tuple 

ker(F 2 ) 

a G F 2 satisfies td(a/ker(F 2 ) U ker(F 3 )) = td(a/ker(F 2 )). Then 
A F3 (x/F 1 ) = A F2 (x/F 1 ). 

□ 

Note that the function A F does depends on F, but (c) above gives 
an important situation where there is no dependence. 

Definition. Let 9 : F <— > F\ be an extension of partial E-fields. We say 
that the extension is semi-strong and write F c — - F\ or just F H F\ 

iff for every x G F u A Fl (x/9(F)) ^ 0, and F S ker(Fi). 

ker(F) 

Lemma (Basic properties of semi-strong extensions) . 

(a) For any partial E-field F , F -A F 

(b) If F x H F 2 and F 2 H F 3 then Fi H F 3 . 

(c,) AhF iff for every finite tuple x from F, A H (A U ir) F . 

(d) // F C F 2; Fi h F 3 and F 2 H F 3 £nen Fi H F 2 . 

(ej Suppose Fi C F 2 C • • • C F a C • • • is a chain of partial E-subfields 

of some partial E-field F , and each F a H F. Taen |J Q F Q H F. 
(7y If A -4 F is kernel-preserving and semi-strong then it is strong. 

□ 

3.6. Free ELA-fields and semi-strong extensions. 

Proposition. Suppose that F is a partial E-field with full kernel, K 
is an ELA-field with very full kernel, and 9 : F H F is a semi-strong 
embedding. Then 9 extends to a semi-strong embedding 9* : F ELA -A K . 
Furthermore, if 9Qaer(F)) = ker(F) then 9*(F ELA ) = {9{F)) E K LA . 
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Note that if 0(ker(F)) ^ ker(K) then the image of F ELA in K will 
not be uniquely determined by 9. The proof of the Proposition is 
similar to that of Proposition 13.31 

Proof. List F ELA as (s a+ i) a<x for A = \F ELA \ } such that for each a < A, 
either 

i) s a+ i is algebraic over F U {sp \ (3 ^ a}; or 

ii) s a+ i = exp K (a) for some a G F U {sg | /3 ^ a}; or 
hi) exp x (s a+ i) = 6 for some b G F U {s^ | /3 ^ a}. 

We will inductively construct a chain of partial E-subfields 
F = F C Fx C F 2 C ■ ■ • C F a C • ■ ■ 

of F £LA and nested semi-strong embeddings 9 a : F a r - » if such that 
for each a < A we have s Q G F a and F Q < F ELA . 

We start by taking 9 = 9. Now suppose we have Fg and 6p for all 
< a. If a is a limit, take unions. By Lemma [3.5(lej h F a < F ELA and 
9 a {F a ) H F. Now consider a = 7 + 1. 

Case 1). s 7+ i is algebraic over F 7 (including the case where s 7+ i G F 7 ). 
Let be the minimal polynomial of s 7+ i over F 7 . The image p e of p 
is an irreducible polynomial over 7 (F 7 ), so let t be any root of p e in K. 
Let F 7+1 = F 7 (s 7+1 ) and let # 7+1 be the unique field embedding which 
extends 9 1 and sends s 7+ i to t. We make F 7+1 into a partial exponential 
field by taking the graph of exponentiation to be the graph of exp pE LA 
intersected with F^ +1 . 

Using the fact that F 7 < F ELA , it is easy to see that F(F 7+1 ) = 
F(F 7 ). Similarly, since 9 a (F a ) H K, the graph of exp^ intersected 
with 6' 7+ i(F 7+1 ) 2 is the same as its intersection with # 7 (F 7 ) 2 , so # 7+ i is 
an embedding of partial E-fields. By the same argument, F 7+1 < F ELA 
and 7+ i(F 7+ i) -4 K. 

Case 2). s 7+ i is transcendental over F 7 and s 7+ i = exp F (a) for some 
a G F 7 . Let F 7+ i = F 7 (^/s 7+ i). 

Since F 7 < F ELA , we see that s 7+ i is transcendental over F 7 . Since 
# 7 (F 7 ) H F, we see that exp x (6' 7 (a)) is transcendental over 7 (F 7 ) U 
ker(F). Thus there is a unique isomorphism type of a coherent system 
of roots of s 7+ i over F 7 , and of exp K (9 1 (a)) over 9 1 {F 1 ) U ker(F), so 
we may define 6' 7+1 (exp(a/m)) = exp K (# 7 (a)/m), and extend uniquely 

to a field embedding F 7+1 — > K. 

Then td(F 7+1 /F 7 ) = 1, a G F>(F 7+1 ) \ F(F 7 ), and F 7 < F ELA , 
so D(F 7+ i) is spanned by D(F 7 ) U {a}. Similarly, F(# 7+1 (F 7+1 )) is 
spanned by F(# 7+ i(F 7+ i)) U{# 7 (a)}, so 7 +i is an embedding of partial 
E-fields. 

Now if x is any tuple from F ELA , we have 

6(x/F J+1 ) = 8(x, a/F 7 ) - 6{a/F y ) = 5{x, a/F 7 ) -0^0 
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because F 7 < F EL , and so F 7+1 < F. A similar argument replacing 5 
by Ax shows that # 7+ i(.F 7+1 ) H X. 

Case 3). Suppose we are not in case 1) or 2). Then s 7+1 is transcen- 
dental over F 7 and not of the form exp FE LA(a) for any a G F 7 , but 
exp F ELA(,s 7+ i) = b for some 6 G F 7 . Let F 7+ i = F 7 (s 7+ i, y/b). 

Consider the sequence (a m ) me ^+ = (exj) F ELA(s 7+ i/m)) me ^+ of roots 
of b. Choose a coherent sequence (c m ) mS N+ of roots of 9 7 (b) in if such 
that c m = 9j(a m ) for any m with a m G F 7 . 

Since if has very full kernel, there is t G if such that exp K (t/m) = 
c m , for each m G N + . As 9 1 {F 1 ) -<f if , t is transcendental over 
^ 7 (F 7 ) Uker(if). Thus we can extend # 7 by defining 7+ i(s 7+ i) = £ and 
6' 7+ i(a m ) = c m for each m G N + and extending to a field embedding. 
As in case 2, 7 +i is an embedding of partial E- fields, -F 7 +i -4 -F 1 , 
and 7+ i(F 7+ i) H if. 

Conclusion. That completes the induction. Let 9* = {J a< \9 a - By 
Lemma [3 .5 (lei) . 9* is a semi-strong embedding of F EL into if. 

Now suppose 0(ker(F)) = ker(if). Then for each b G 6*(F ELA ) and 
each a G if such that exp^(a) = 6, we have a G 9*{F ELA ). So in this 
case 9*{F ELA ) = (9(F)) « LA as required. 

□ 



4. The class ECF strK 

4.1. Axioms. Recall from the introduction that ECFstrK (Exponentially 
Closed Fields with Strong Kernel) is the class of exponential fields F 
satisfying the following axioms: 

1: F is an ELA-field. 

2'a: The kernel is a cyclic Z-module. 

2'b: Every element of the kernel is transcendental over Z. 

2'c: Theory of true arithmetic 

3': Strong kernel 

4: Strong exponential-algebraic closedness 

We have seen unconditionally that these axioms are L m ^-expressible, 
so unconditionally ECF strK is an L^^-class. Later we will see condi- 
tionally on CIT that ECFstrK is an elementary class. 

Lemma. ECF SK Q ECFstrK- 

Proof. Axioms 1, 2a, 2b, and 4 are common to both classes. Standard 
kernel certainly implies 2'c, and standard kernel together with axiom 
3 (the Schanuel property) implies axiom 3' (strong kernel). □ 

4.2. Saturation over the kernel. We give a stronger version of SEAC, 
incorporating some saturation. 
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Definition. Let A be an infinite cardinal. An ELA-field F is said to 
satisfy A-SEAC iff, whenever V is a rotund, additively and multiplica- 
tively free subvariety of G n defined over F and of dimension n, and A 
is a subset of F with \A\ < A, then there is x in F such that (x, e x ) G V 
and is generic in V over A. 

Note that K -SEAC is the same as SEAC, and that Ki-SEAC is 
incompatible with the Countable Closure Property. 

Definition. An ELA-field F is X-saturated over its kernel iff etd(F) ^ 
A and F |= A-SEAC. F is saturated over its kernel iff it is \F (-saturated 
over its kernel. 

Proposition. Let F G ECFstrK- Then there is a kernel-preserving 
strong extension F <F' with F' G ECFstrK? — \F\, and such that 
F' is saturated over its kernel. 

Proof. From Proposition I3.4[ there are only |F|-many finitely gener- 
ated kernel-preserving, strong ELA-extensions of F, and the extensions 
amalgamate freely by |Kirlll Lemma 4.11], so a standard construction 
gives F' as the union of a chain of length \F\ x u. □ 

4.3. Uniqueness and homogeneity. 

Theorem. Suppose F, M G ECFstrK; both with very full kernel, and 
suppose \F\ = |M| = A > 2 K ° and both F and M satisfy X-SEAC. 
Suppose that we have an isomorphism Oz '■ Z(F) — =-»■ Z(M), and that 
etd(F) = etd(M), and we have a bijection Ob '■ Bp B M between 
exponential transcendence bases of F and M . Suppose furthermore 
that Fqq h F and Moo H M are semistrong partial E-subfields or the 
empty set, with \F 0Q \ = \M 00 \ < X and that 00 : F o — =-»• M o is 
an isomorphism which is compatible with Oz and with Ob (that is, the 
functions agree where more than one is defined). 

Then there is an isomorphism 9 : F — =-» M extending OzUObU 9 00 . 

Proof. List F as (a M+ i) M< A and list M as (& m +i) m <a- We construct 
chains (i r M ) Ai <A and (M M ) M<A of ELA-subfields of F and M respectively 
and isomorphisms 9 ^ : F^ — =-»■ M M such that 

(i) F^F and M M H M; 

(ii) Z{FJ Z(F) and Z(M M ) Z(M); 

(iii) 1^1 < A; 

(iv) 6^ is compatible with Z U 0g; and 

(v) If fi is a successor ordinal, then G F^ and G M^. 

Base step. Note that SK embeds semi-strongly in all members of 
ECFstrK, uniquely up to choice of ±r, so if F o = we may rede- 
fine F o = M o = SK and choose an isomorphism # o- So we reduce to 
the case where F o ^ 0. 

By the downwards Lowenheim-Skolem theorem, we can find Z(Fq) ^ 
Z(F) with Z(F m ) C Z(F ), Z(F ) algebraically compact, and \Z(F )\ < 
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A. Take Z(M ) = 9 Z (Z(F )). By Corollary E21 the partial E-subfields 
Fq of F and M' Q of M generated by F 00 U Z(F ) and M 00 U Z(M ) 
respectively are isomorphic, and there is an isomorphism 9' Q extending 
#00 an d compatible with 9z- 

By Proposition I3.6[ the isomorphism 9' extends to an isomorphism 
9 Q : F M for some F H F, with F ^ (i^) i?LA and M H M, 
with Mo = (Mq) ela . The relevant clauses from (i) — (v) hold immedi- 
ately. 

Limit steps. If /i is a limit ordinal, let F M = [J u<fl F u , M M = [J u<fl M v , 
and # M = \} v<il 9 v . The clauses (i) — (v) are preserved. 

Successor steps. Suppose = v + 1. Since F, H F and Fp is an 
exponential transcendence base of F, there are finite tuples a C F 
containing a M , 6 C F^ \ F, and c C ker(F) such that 

td(a, e s /F v , c, b, e b ) - mxk{e^/F v , e b ) = 0. 

Choose Z(F M ) ^ Z(F) with Z(F y ) U c C Z(F ll ), and |Z(F M )| < A. Let 
Z(M lt ) = 6 z (Z(Fj). 

As in the base step, using Corollary 13.21 and Proposition 13.61 we can 
extend 9 V to an isomorphism of ELA-fields 6' : F^ — =-»■ M' with 
Z(Fp = Z(F^) and Z(M' /l ) = Z{M p ). Let r = \b\. The isomorphism 
type of the partial E-field extension generated by an exponentially tran- 
scendental r-tuple is uniquely defined, so 9' extends to an isomorphism 
<F^ U b) F = (M£ U 9 B (b)) M , compatible with 9 B . Hence by Proposi- 
tion 13.61 again, we may extend 9' to an isomorphism 

0" ■ p" M" 

fj, ij, fx 

where «F; U b) p ) ELA = F'J H F and «M^ U 9 B {b)) M ) ELA M£ H 
M. 

Now we may take a to be a finite tuple of minimal size n such that 
a M G <F^' U a) F and (F^ U a) F H F. Since F^ is an ELA-subfield of 
F and a is algebraically free from the kernel of F over the kernel of 
F", V := Loc(a, e a /F^') is additively and multiplicatively free. Since 
F" H F, we therefore have that V is rotund, and since etd(a/F'') = 0, 
we have that diml^ = n. As a field F" is algebraically closed, so, 
as discussed in section I3~^ replacing a by d/m for some m G N + if 
necessary, the partial E-field extension F^' C i^F'^ U is determined 
up to isomorphism over F'' by V . Now M |= A-SEAC, so there is d G M 
such that ((J, e d ) G l^ 9 , generic over M'', where V e is the subvariety of 
G n (M) corresponding to V under Q" . 

Then 9"^ extends to an isomorphism (F^' Ua) F — =-»■ {M£ Ud)„, 
and, by Proposition 13.61 again, to 9"' : F'^ —=-+ M"' where 

((F';Ud) F ) ELA = F';^F and «M; U d))J ELA - M^ H M. 
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Now F^' and M'^ satisfy (i) — (iv) and G F'" Repeat the process 
swapping the roles of F and M and starting with F"' in place of M v 
and M'^ in place of F v to get 9^ : F^ — M M , satisfying (i) — (v). 

Conclusion. That completes the induction steps. Now 9 : = U m <a ^ s 
an isomorphism 9 : F — =-»• M, extending 9z U 0b U #oo as required. □ 

By a more careful back-and-forth analysis, one can weaken the con- 
dition that A > 2 H ° to A ^ 2 K °, which is automatically true since F 
and M have very full kernel. 

4.4. Superstability over the kernel. Let R |= Th(Z; +, •) be alge- 
braically compact, and consider the subclass 

ECF# = {F G ECFstrK | = i?} . 

Theorem 14.31 tells us that saturation within the class ECF# is the 
same as what we have called saturation over the kernel. So, by Propo- 
sition 321 for each cardinal A ^ \R\, there is a unique model of car- 
dinality A that is saturated within the class, and using Theorem 14.31 
again we see it is homogeneous (at least after adding parameters for all 
elements of R). Thus the class ECF^ has a monster model M which 
is a homogeneous structure, and which is A-stable (that is, it realises 
only A types over any set of size A) for all A ^ \R\. Hence ECF R is 
a homogeneous class in the sense of [HSOOJ. Furthermore, by Theo- 
rem 1.17 of that paper, the cardinal invariant k(M) is equal to No, and 
hence by definition (see Lemma 5.1 of that paper), the classes ECF/j 
are superstable. We can say informally that the class ECFstrK is su- 
perstable over the kernel. There is a general theory of superstability in 
homogeneous classes, in close parallel to that for first-order theories. 

5. Complete elementary theory 

In this section we show that, if the conjecture CIT is true, then the 
class ECFstrK is an elementary class, and furthermore its elementary 
theory is complete. 

5.1. First-order axioms. We have seen that axioms 1 and 2' are first- 
order expressible. From 12.51 we know that, if CIT is true, axiom 3' 
(strong kernel) is also first-order expressible. 

Lemma. The following scheme is first-order expressible and expresses 
axiom 4 (strong exponential-algebraic closedness), assuming axioms 1, 
SI, and 3 '. 

For every n,r G N + and every irreducible, rotund, multiplicatively 
free subvariety V of G n defined over F and of dimension n, the axiom: 



18 JONATHAN KIRBY AND BORIS ZILBER 



(V6)(3z)(Vm G Z n+r )(yt E kei)(y(w,y) E V) 
(x,e x ) E VA 

which states that for each b there is (x, e x ) E V with x not satisfying 
any Z-linear dependencies over b and the kernel except those which 
hold on all of V. 

Proof. It is well-known (part of the fibre dimension theorem) that when 
V varies in a parametric family, the set of parameters such that V is 
irreducible and of dimension n is first-order definable in the field lan- 
guage. Theorem 3.2 of [Zil05j shows that rotundity and multiplicative 
freeness are also first-order definable in the field language. So the axiom 
scheme is first-order expressible. 

Now suppose that V, b, and x are as given. If V happens also to 
be additively free then x does not satisfy any Z-linear dependencies 
over b and the kernel , and hence e x is multiplicatively independent 
over e b . Thus, using strong kernel and extending b if necessary so that 
b H F and V is defined over b, we deduce that (x, e x ) has transcendence 
degree n over bU e b Uker, and hence in particular it is generic in V over 
b. So the axiom scheme implies the SEAC property. 

For the converse, suppose that F E ECFstrK, that V C G n is irre- 
ducible, rotund, additively and multiplicatively free, and of dimension 
n, and that b E F r . Extend b such that b -< F and V is defined over b. 
Then the SEAC property gives (x, e x ) E V, generic over bUe b . In partic- 
ular, since V is multiplicatively free, we have mrk(e x /e b ) = n. So, since 
b H F, we deduce that td(a;, e x /b, e b , ker(F)) = n, and hence (x,e x ) is 
generic in V over b U ker(F). Now Z(F) is algebraic over ker(F), and 
thus x satisfies no Z(F)-linear dependencies over b U ker(F), except 
those holding on all of V. So the SEAC scheme holds on F. □ 

5.2. Exponential algebraicity and exponential transcendence. 

In any (partial) exponential field F there is a pregeometry called expo- 
nential algebraic closure, which we write ecl F . We give a quick account 
of its definition. Details can be found in |KirlOj . An exponential poly- 
nomial (without iterations of exponentiation) is a function of the form 
f(X) = p(X, e x ) where p E F[Xi, . . . , X n , Yi, ... , Y n ] is a polynomial. 
We can extend the formal differentiation of polynomials to exponential 
polynomials in a unique way such that = e x . 

A Khovanskii system (of equations and inequations) consists of, for 
some n G N, exponential polynomials fi, ■ ■ ■ , f n with equations 

fifa, . . . ,x n ) = for i = 1, . . . ,n 



^ iriiXi + m i+r bi = t ^2 m i w i + nii +^ i = 1 
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and the inequation 



dfi 


dfi 


axi 


dX n 


dfn 


dfn 


dXi 


ax n 



^0. 



where the differentiation here is the formal differentiation of exponen- 
tial polynomials. We say n is the width of the Khovanski system. 

For any subset C of F, we define a G ecl F (C) iff there are n G N, 
G F, and exponential polynomials fx, . . . , f n with coefficients 
from Q(C) such that a = a\ and (ax, ■ ■ ■ , a n ) is a solution to the Kho- 
vanskii system given by the /j. 

We say that ecl F (C) is the exponential algebraic closure of C in F. 
If a G ecl F (C) we say that a is exponentially algebraic over C in F, and 
otherwise that it is exponentially transcendental over C in F. 

Fact ( |Kirl0l Theorem 1.1]). Exponential algebraic closure ecl F zs a 
pregeometry in any partial exponential field F. 

The above definition of ecl F makes sense in any partial exponential 
field. A different definition is used in [Zil05j . which makes sense only 
in partial exponential fields with the Schanuel property, that is, where 
axiom 2 holds. However, the two definitions agree in that case by 
[KirlOt Theorem 1.3], which also tells us the following. 

Fact. Let F G ECF str K; A H F and b be a finite tuple from F. Then 

etd F (b/A) = min j Ap(b U c/A) \c is a finite tuple from F} 

5.3. Infinite exponential transcendence degree. 

Proposition. Suppose F G ECFstrK is X-saturated, and A C F is an 
exponential subfield of size less than A. Then F contains an element b 
which is exponentially transcendental over A. In particular, etd(F) ^ 
A. 

Proof. Extend A if necessary such that A -i F. For an n-tuple / of ex- 
ponential polynomials (without iterations of exponentiation), consider 
the formula Xf(%) given by 



f\fi(x 1} ...,x n ) 



OA 



dfi 


dfi 


dX 1 


dX n 


dfn 


dfn 


dX 1 


dX n 



(xx, ...,x n )^0. 



The type of an exponentially transcendental element x over A is given 
by all the formulas 

^3x 2 , • • • , x n [xf(x, x 2 ,..., x n )\ 

where / ranges over all finite lists of exponential polynomials with 
coefficients from A. 
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Since F is A-saturated, we just have to show that this type is finitely 
satisfied inside F. Given a finite set of such formulas, let iV e N be 
greater than the width of any of the corresponding Khovanskii sys- 
tems. Let b G F be such that b = exp N (b), and (exp r (6)) r=li iA r are 
algebraically independent over A. Such a b exists by axiom 4 (strong 
exponential-algebraic closedness) and saturation. Suppose that F C F 
is a partial E-subfield, containing A U {b}, such that D(Fq) is spanned 
over D(A) by b, C2, ■ ■ ■ , c n . Then for some r = 1, . . . , N — 1, we have 
exp r (&) g D(F„). Thus A({exp r (6) | r = 1, . . . , N} /A U c) < 0, but 
since A H -F we have A({exp r (6) | r = 1, . . . , iV}Uc/A) ^ 0, and hence 
by the addition rule we have A(c/A) > 0. Thus etd F °(b/A) = 1. So 
-^o h= c 2, • • • , c„) for each / of length less than iV. 

Thus also F \= -^xj(b,C2, ...,c n ) because Xf(%) is a quantifier-free 
formula in the language of partial exponential fields. 

Hence F \= -iBxz, . . . , x n [xf(b, X2, ■ ■ ■ , x n )] for each / of length less 
than N, and in particular for each in the finite set we chose. Hence F 
finitely satisfies the type of an element b exponentially transcendental 
over A, so by A-saturation such a b exists in F. In particular, any 
exponentially algebraically independent subset of F of size less than A 
can be extended, and hence etd(F) ^ A. □ 

5.4. The completeness proof. 

Theorem. Assuming CIT, the first-order theory of ECFstrK; given 
by axioms 1, 2', 3', and 4, is complete. 

Proof. Assume CIT. So ECFstrK is an elementary class. Let A be a 
cardinal such that A = sup {2 M \fj, < A} and A > 2 K °, and let F, M be 
special models of cardinality A. That is, we can write F = [_J m <a -^a» anc ^ 
M = IJ m <a ^a»5 where F M and M M are /i + -saturated and form elemen- 
tary chains. Every complete theory has exactly one special model of 
cardinality A |CK90l 5.1.8, 5.1.17], so it is enough to show that F ^ M. 

Z(F) and Z(M) are reducts of F and M, so, by [CK9CH Proposition 
5.1.6(v)], they are special models of Th(Z;+, •). They are both of 
cardinality A, and hence they are isomorphic. Note in particular that 
Z(F) is ^-saturated, so F and M have very full kernel. 

Since F M is /^-saturated it has exponential transcendence degree at 
least fi + by Proposition 15.31 so there is an exponentially-algebraically 
independent subset B C F^ of cardinality fi + . Being exponentially- 
algebraically independent is a type-definable property as is shown in 
the proof of !5.31 so B is still exponentially-algebraically independent as 
a subset of F. Thus etd(F) ^ ji + for each /i < A, and so etd(F) ^ A. 
Since \F\ = A we have etd(F) = A. 

Now we show that F has A-SEAC. Let A C F be a subset with \A\ = 
\i < A, and let V C G n be rotund, and additively and multiplicatively 
free. By replacing A by a larger subset (of the same cardinality) we 
may assume that A is semistrong in F. Now F^ is /i + -saturated and so 
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satisfies yU + -SEAC, and hence there are b u for v < ji + with (b u , e bv ) G V , 
algebraically independent of each other (over the field of definition of 
V). So, in particular, all the e bvA for v < fi + and i = l,...,n are 
multiplicatively independent. Since \A\ = fi < fi + , there must be some 
vq such that e b "o is multiplicatively independent over exp(v4). But since 
A is semistrong, td(b UQ , e b,/ o/A, exp(A)) ^ mrk(e 6 "o/ exp(A)) = n and 
hence (b uo , e 6 "o) is generic in V over A, as required. 

The same arguments show that etd(M) = A and that M \= A-SEAC. 
Thus, by Theorem 14.31 there is an isomorphism F = M. □ 

5.5. Exponential-algebraic closedness. An ELA-field F is said to 
be exponentially- algebraically closed, or EAC, iff for every n G N + and 
every rotund subvariety V of G n defined over F there is x in F such 
that (x, e x ) G V. The EAC property is clearly first-order axiomatizable, 
since rotundity is definable. 

The next two lemmas summarize some variant but equivalent state- 
ments of exponential-algebraic closedness. 

Lemma (a). Let F be an ELA-field of infinite transcendence degree 
(for example, satisfying the strong kernel axiom). Then F \= EAC iff 
for every n G N + and every rotund subvariety V of G n defined over F 
which is 

(i) irreducible; 
(ii) of dimension n; 
(Hi) multiplicatively free; and 
(iv) additively free 

there is (x,e x ) G V. In particular, if F G ECF S trK then F \= EAC. 

Proof. The =^ direction is immediate. For the <= direction, we consider 
(?) — (iv) in turn. 

For (z), a reducible V is rotund by definition iff some irreducible 
component of it is rotund. For (ii), if V C G n is rotund but dim^/ > 
n, choose a%, . . . ,a2 n £ F, algebraically independent over the field of 
definition of V, and let X be the generic hyperplane in G n given by 
the equation 

n 

Then for any M G Mat nxn (Z), with rk(M) < n, we have 

dim M ■ (V n X) = max(dim M ■ V, rk M) 

so V fl X is rotund. (For more details see for example a similar proof 
in [Kir09l pp464-465].) Since dim(V fl X) = dimV — 1, we are done 
by induction on dim V — n. 

For (Hi), suppose V is not multiplicatively free. If n = 1 then V has 
the form y = c for some c G G m (F). Since F is an ELA-field, there is 
a G F be such that exp F (a) = c, and (a, c) G V. If n > 1, then there 
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are m ; G Z, not all zero, and c G G m (F) such that a point of 
which is generic over F satisfies YYi=i vT % = c - Since V is rotund, 
Y^i=i m i x i i s transcendental over F. Let V = V fl (J^iLi — o) 
where exp F (a) = c. Then dim V' = dim V — 1. Assume without loss of 
generality that m n ^ 0. Consider the n — 1 x n matrix 

/l 0^ 

M = 

\0 1 0/ 

and let V" = M • V C G n_1 . Then dimV" = dim V, and indeed for 

any M' G Mat n _i xn _i(Z), we have 

dim M' ■ V" = dim r^' jj J • V > rk M' 

since is rotund, and hence V™ is rotund. By induction on n, there 
are ai, . . . , a n _i G F such that (ai, . . . , a„_i, e ai , . . . , e a " _1 ) G V", and 
then taking a n such that Yli=i m i a i = a we have (a, e a ) G V. 

The proof of (iv) is similar to (Hi). □ 

The hypothesis that F has infinite transcendence degree is harmless 
from our point of view, but recent work by Vincenzo Mantova suggests 
that it is unnecessary, because a suitably generic substitute for the 
generic hyperplane X can be found by other means. 

The condition shown in the next lemma to be equivalent to EAC is 
in fact the original definition of EAC from |Zil05j. 

Lemma (b). Let F be an ELA-field of infinite transcendence degree. 
Then F |= EAC iff for every n G N + and every irreducible rotund 
subvariety V of G" and every proper (not necessarily irreducible) sub- 
variety V C V, there is (x, e x ) G V \ V . 

Proof. This time the <= direction is immediate. We use the classical 
Rabinovich trick for the =>- direction. Suppose V is given by polynomial 
equations fi(x,y) — for % — 1, . . . , r, and V is given by equations 
gi(x, y) — for i — 1, . . . , s. In fact it is enough to consider the case 
s — 1, since then we can iterate the construction. So we assume V 
given by g(x, y) = 0. 

Consider the variety W C G n+l given by the equations fi(x,y) = 
for i — 1, . . . , r and g(x, y)u = 1, where u is the coordinate for an extra 
G a , and we also consider a coordinate v for the corresponding G m . 

It is enough to show that W is rotund, since then by EAC there 
are ai, . . . , a„+i G F such that (a±, . . . , a n+ i, e ai , . . . , e a " +1 ) G W, and 
hence (ai, . . . , a n , e ai , . . . , e a ") G V \ V. 

Clearly dimW 7 = dimV^ + 1, because the variable u is constrained 
but the variable v is unconstrained. Now let M G Mat n+ i xn+ i(Z), let 
(a,P)eM-W be generic over F (with a G G™ +1 and G and 
let (a, c, b, d) be generic over F U (a, (3) in the fibre of (a, /3) of the map 
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W — +~ M ■ W, where a is the tuple of values of the coordinates x, b 
is the values of y, c is the value of u, and d is the value of v. 

Say M = (M 1 |M 2 ), where Mi is an (n + 1) x n matrix, and M 2 is an 
(n + 1) x 1 matrix. Then we have M ■ (dc, bd) = (a, (3), or equivalently 

M 1 a = a- M 2 c =: 7 and b Ml = (3/d M2 =: 5. 

Now (a, 0) is generic in M ■ W over F, and it follows that (7, 5) is 
generic in Mi ■ V over F, and indeed (a, b) is a generic point of the 
fibre of (7, 5) of the map V — Mi ■ V. Thus, by the fibre dimension 
theorem, and rotundity of V we have 

td(a, 6/F, 7, <J) = dimV - dimMi • V < dim V - rkM x . 

Now td(c,d/F,j,S,a,b) ^ 1, and rkM > rkM 1; so 

td(a, b, c, d/F, 7, 5) < dim ^ + 1 — rk M = dim W — rkM 

but also td(a, 6, c, d/F, 7, 5) = td(d, 6, c, d/F, a, j3), which is the dimen- 
sion of a generic fibre of W M • so by the fibre dimension 

theorem again we have dimM • W ^ rkM. Hence W is rotund, as 
required. □ 

Theorem. Assuming CIT, the theory ECFstrK is axiomatized by ax- 
ioms 1, 2! , 3 ' , and EAC. 

Proof. Suppose that F satisfies axioms 1, 2', 3', and EAC, and is Ko- 
saturated. (CIT is implicitly needed here, since otherwise there are 
no K -saturated models of axiom 3'.) Suppose V C G n is rotund, 
additively and multiplicatively free, and of dimension n. Then, since 
F has strong kernel, for each finite tuple b G F there is a finite tuple 
c such that V is defined over c, c H F, and 5 C e c . Then by EAC, 
Lemma (b) above, and K -saturation, there is a such that (a, e a ) G V 
and e a is multiplicatively free over e c . By strong kernel again, (a, e a ) is 
generic in V over 6. Thus, using Lemma (a), the two sets of axioms (1, 
2', 3', and SEAC, and 1, 2', 3', and EAC), have the same Ko-saturated 
models. But (assuming CIT), they are both lists of first-order axioms, 
and hence they have the same models. □ 

6. Corollaries of CIT 

Theorem. Assume CIT is true, so ECFstrK is a complete first-order 
theory. Then: 

(1) Z is stably embedded in the pseudo-exponential fields. More pre- 
cisely, the definable set Z is stably embedded in the theory ECF strK , 
that is, every subset of Z n which is definable (with parameters) in 
the theory ECFstrK is also definable with parameters in Z , and 
hence is definable (with parameters) in the theory Th(Z; +, •). 

(2) ECFstrK has quantifier elimination in the language (+, -,exp) ex- 
panded by predicates for every definable subset of Z and for all 
3- formulas. 
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(3) IfFCM with F,M e ECF strK , then F ^ M iff Z(F) 4 Z(M) 
and FHl. 

(4) Let Ri, R 2 |= Th(Z; +, •), and suppose Or : R\ R 2 is a ring em- 
bedding such that R\ is relatively algebraically closed in R 2 . Then 
there are F 1: F 2 G ECFstrK with Z{Fi) = R%t and a semistrong 
embedding : F\ H F 2 extending Or. If Or is an elementary em- 
bedding then is also an elementary embedding. 

Proof. (1) By Theorem 14.31 every automorphism of Z(F) extends to 
an automorphism of F, for a sufficiently saturated model F, and 
this is enough by Lemma 1 of the appendix of [CH99j . 

(2) Note that if F -ft M then there is a G F and an 3-formula 3xip(x, a) 
with F |= ->3x(p(x, a) but M \= 3xtp(x, a) witnessing the failure of 
semistrongness. So semistrongness of a partial E-subfield is deter- 
mined by 3-formulas and their negations, hence the result follows 
from Theorem 14.31 

(3) This follows from (2) and its proof. 

(4) First build a model F x such that Z(Fi) = R\T, by a standard 
inductive construction such as given in the proof of [Kirlll The- 
orem 6.2]. (The hypotheses of that theorem include countability 
of Ri, but the countability is only used for the uniqueness part of 
the theorem which we do not need.) Then apply Corollary 13.21 and 
build another model F 2 extending F± UR 2 by the same process. We 
have Fi H F 2 by construction, and, by (3), if Or is elementary then 
will be elementary. 

□ 

Part (2) can be rephrased as B being near-model complete except 
for quantification over Z. By [Kirll, Theorem 7.6], it is not model- 
complete after adding predicates for definable subsets of Z, so this is 
best possible. 

Using (3) and (4), and the non-model completeness of Th(Z;+, •), 
we can find F,M e ECF str K with F H M but Z[F) 4 Z(M). Hence 
there is a non-model-completeness of B arising directly from the non- 
model-completeness of Z, and hence completely different from that 
given by the proof in |Kirllj . This second proof fits better with the 
only non-model-completeness proofs known for C exp [Mar06l Proposi- 
tion 1.1], which do use the integers in an essential way. 

7. Other kernels 

Axiom 2'c, the complete theory of (Z; +, •), is not used anywhere in 
this paper except in the proof of Theorem 15.41 to show that Z(F) = 
Z(M) where F and M are both special models of the same cardinality. 
The only property used there is that the theory is complete. From 
axioms 1, 2'a, and 2'b, we can deduce that Z is an integral domain 
such that (Z; +, 0) is a model of Presburger arithmetic, but that is all 
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that is used. So we could replace 2'c by the complete theory of any 
other integral domain whose additive group is a model of Presburger 
arithmetic, and the same conclusions would hold. It would be very 
interesting to know if there is such a ring with a decidable theory, since 
together with recursive bounds for all the cases of CIT it would give a 
decidable complete theory of ELA-fields. 

Axioms 2'a and 2'b, that the kernel is a cyclic Z-module and is 
transcendental over Z , are also not used much in the proof. The whole 
of axiom 2' could be replaced by the complete theory of (F; +, -,K), 
where F is an algebraically closed field and K is any subgroup of G a (F) 
which is a model of Presburger arithmetic, and which is then taken to 
be the kernel. 
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